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Abstract
Let G be a graph embedded in a surface of characteristic zero with maximum degree ∆. The edge-face chromatic number
χe f (G) of G is the least number of colors such that any two adjacent edges, adjacent faces, incident edge and face have different
colors. In this paper, we prove that χe f (G) ≤ ∆ + 1 if ∆ ≥ 13, χe f (G) ≤ ∆ + 2 if ∆ ≥ 12, χe f (G) ≤ ∆ + 3 if ∆ ≥ 4, and
χe f (G) ≤ 7 if∆ ≤ 3.
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1. Introduction
An embedding of a graph G in a surface S is called a 2-cell embedding if each face of G is homeomorphic to an open
unit disc. We assume that all embeddings considered in this paper are 2-cell embeddings. Given a graph G embedded
in a surface S, we use V (G), E(G), F(G),∆(G) and δ(G) to denote its vertex set, edge set, face set, maximum degree
and minimum degree, respectively. If there is no confusion in the context, we denote, for short, ∆(G) by ∆ and δ(G)
by δ, respectively. Recall that the Euler characteristic (S) of a surface S is equal to |V (G)| − |E(G)| + |F(G)| for
any multigraph G that is 2-cell embedded in S. When (S) = 2, S denotes the Euclidean plane and G is a plane graph.
When (S) = 0, S denotes the torus or the Klein bottle.
The embedded graph G is k-edge-face colorable if the elements of E(G)∪ F(G) can be colored with k colors such
that any two adjacent edges, adjacent faces, incident edge and face have different colors. The edge-face chromatic
number χe f (G) of G is the least integer k such that G is k-edge-face colorable. By considering colorings only for
V (G), E(G), and F(G), we can define the (vertex) chromatic number χ(G), the edge chromatic number χ ′(G) and
the face chromatic number χ∗(G), respectively.
The well-known Four-Color Theorem [1] asserts that every plane graph G has χ(G) ≤ 4 and χ∗(G) ≤ 4. Let
h(S) = b 12 (7 +
√
49− 24(S))c. In 1890, Heawood [4] gave a bound on the face (or vertex) chromatic number of
graphs embedded in a surface S, which was shown to be sharp by Ringle and Youngs [8].
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Theorem 1 (Heawood, [4]). If G is a non-planar graph embedded in a surface S, then χ(G) ≤ h(S) and
χ∗(G) ≤ h(S).
As a special case of Theorem 1, we derive that if G is a graph embedded in a surface S with (S) = 0, then
χ(G) ≤ 7 and χ∗(G) ≤ 7.
Vizing [15] proved that every simple planar graph G with ∆ ≥ 8 has χ ′(G) = ∆ and conjectured that this also is
true for ∆ = 6, 7. Sanders and Zhao [11], and independently Zhang [19], confirmed this conjecture for ∆ = 7. This
result was further extended by Sanders and Zhao [13] to a graph which can be embedded in a surface of characteristic
zero.
Theorem 2 (Sanders and Zhao, [13]). Every graph G with∆ ≥ 7 which is embeddable in a surface of characteristic
zero has χ ′(G) = ∆.
In 1975, Melnikov [7] conjectured that every plane graph G is (∆ + 3)-edge-face colorable. Two similar, yet
independent, proofs of this conjecture have been recently published by Waller [18] and Sanders and Zhao [9]. Both
proofs made use of the Four-Color Theorem. Without employing the Four-Color Theorem, Wang and Lih [16], and
independently Sanders and Zhao [12], gave a new proof of the conjecture. Wang and Lih [17] further generalized this
result to the list-coloring situation by showing that every plane graph G is (∆ + 3)-edge-face choosable. Luo and
Zhang [6] showed that every 2-connected plane graph G with ∆ ≥ 24 has χe f (G) = ∆. More recently, Sanders and
Maharry [10] investigated various simultaneous colorings of graphs embedded in a surface. In particular, the following
result was implied in their paper:
Theorem 3 (Sanders and Maharry, [10]). If G is a graph with ∆ ≥ 35 which is embedded in a surface of
characteristic zero, then χe f (G) ≤ ∆+ 1.
In this paper, we study the edge-face coloring of graphs embedded in a surface of characteristic zero. On the one
hand, we try to reduce the lower bound value 35 of ∆ in Theorem 3 to 13. On the other hand, we shall establish good
upper bounds on χe f (G) for all the graphs G embedded in a surface of characteristic zero. As stated in the abstract,
our results are a generalization of the edge-face chromatic number of plane graphs.
Throughout this paper, we consider only finite, undirected and simple graphs. For a graph G embedded in a surface,
we denote by dG(x) (or d(x)) the degree of a vertex or a face x . A vertex of degree k, at least k and at most k is called
a k-vertex, k+-vertex and k−-vertex, respectively. Similarly we can define k-face, k+-face, k−-face, etc. If v ∈ V (G),
let ni (v) denote the number of i-vertices adjacent to v for i ≥ 1 and m j (v) the number of j-faces incident to v for
j ≥ 3. If f ∈ F(G), we use b( f ) to denote the boundary walk of f and write f = [u1u2 · · · un] if u1, u2, . . . , un are
the boundary vertices of f in the clockwise direction. In particular, we simply write that E( f ) = E(b( f )). Note that
if b( f ) does not form a cycle, then some vertices and edges may have repeated occurrences in b( f ). However, a cut
edge contributes 2 to the degree of the face incident to it. For i ≥ 1, let pi ( f ) denote the number of i-vertices incident
to the face f . A graph G embedded in a surface is called a triangulation if each of its faces is of degree 3.
2. Upper bounds
For a graph G and an integer k, we say that G is k-edge choosable if, for every family {L(e)|e ∈ E(G)} satisfying
|L(e)| ≥ k for all e, there exists an edge coloring φ such that φ(e) ∈ L(e) for all e and φ(e′) 6= φ(e′′) for any two
adjacent edges e′ and e′′. The edge choice number χ ′l (G) of G is the least integer k such that G is k-edge choosable.
In general, let L = {L(x)|x ∈ U } be an assignment for some U ⊆ E(G) ∪ F(G). We say that U is L-colorable if
there exists a mapping φ such that φ(x) ∈ L(x) for each x ∈ U and φ(y) 6= φ(z) for any pair of adjacent or incident
elements y, z ∈ U . It is easy to observe that every even cycle is 2-edge choosable. In addition, we have the following
straightforward result.
Lemma 4. Let C be a cycle of length 3 or more. Let L be an assignment that satisfies |L(e)| = 2 for each edge e
and L(e1) 6= L(e2) for some pair of consecutive edges e1 and e2. Then C is L-edge colorable.
Lemma 5 (Juvan et al., [5]). Every graph G with ∆ ≤ 4 is 5-edge choosable.
W. Wang / Discrete Mathematics 309 (2009) 3523–3533 3525
Lemma 6 (Borodin et al., [3]). If G is a graph embedded in a surface of nonnegative characteristic with ∆ ≥ 12,
then χ ′l (G) = ∆.
Lemma 7 (Vizing, [14]). Every simple graph G is (∆+ 1)-edge colorable.
Theorem 8. Let G be a non-planar graph embedded in a surface S with ∆ ≥ 4. Then χe f (G) ≤ χ ′(G)+ h(S)− 4.
Proof. Let q = χ ′(G). Then q ≥ ∆ ≥ 4. Since G is not a planar graph, h(S) ≥ 7 and hence q+h(S)−4 ≥ h(S) ≥ 7.
We first give a q-edge coloring of G using the colors 1, 2, . . . , q . Let M denote the set of edges which are colored
with either q, q−1, q−2 or q−3. Afterwards, we erase the colors of all the edges in M . By Theorem 1, we construct
a h(S)-face coloring φ∗ of G using the color set B = {q − 3, q − 2, q − 1, q, q + 1, . . . , q + h(S) − 4}. For every
e ∈ M , we denote by B(e) the subset of colors in B which are assigned by φ∗ to the faces incident to e. Clearly,
1 ≤ |B(e)| ≤ 2 and |B(e)| = 2 if and only if e is not a cut edge of G. Define the list assignment L(e) = B \ B(e) for
each edge e ∈ M . Thus, |L(e)| = |B| − |B(e)| ≥ h(S) − 2 ≥ 5. Since the induced subgraph G[M] has maximum
degree at most 4, G[M] is L-colorable by Lemma 5. This implies that G[M], hence G, can be properly colored. The
proof of the theorem is complete. 
Theorem 9. Let G be a non-planar graph with ∆ ≤ 4 which is embedded in a surface S. Then χe f (G) ≤ h(S).
Proof. At first, we can give a h(S)-face coloring φ∗ of G with the color set B = {1, 2, . . . , h(S)} by Theorem 1.
For each edge e ∈ E(G), let B(e) be similarly defined as in Theorem 8 and let L(e) = B \ B(e). Then
|L(e)| ≥ h(S) − 2 ≥ 7 − 2 = 5. By Lemma 5, G is L-colorable. Therefore G is h(S)-edge-face colorable. This
completes the proof of the theorem. 
The following corollary follows easily from Lemma 7 and Theorems 2, 8 and 9.
Corollary 10. Let G be a graph embedded in a surface of characteristic zero. Then
(1) χe f (G) ≤ ∆+ 4;
(2) χe f (G) ≤ ∆+ 3 if ∆ = 4 or ∆ ≥ 7.
Let G denote the dual of the complete graph K7 embedded in a surface of characteristic zero. Then χ∗(G) =
χ(K7) = 7. On the one hand, it is obvious that χe f (G) ≥ χ∗(G) = 7. On the other hand, since G is 3-regular, a
7-edge-face coloring of G can be easily established. Hence χe f (G) = 7. This example shows that the upper bound
∆+ 4 in Corollary 10 is tight for the case ∆ = 3.
Theorem 11. If G is a graph embedded in a surface of characteristic zero with ∆ ≥ 12, then χe f (G) ≤ ∆+ 2.
Proof. Since ∆ ≥ 12, ∆ + 2 ≥ 14. First, we establish a (∆ + 2)-face coloring φ∗ of G with the color set
B = {1, 2, . . . ,∆ + 2} by Theorem 1. For each edge e ∈ E(G), let B(e) be similarly defined as in Theorem 8
and put L(e) = B \ B(e). Then |L(e)| ≥ (∆ + 2) − 2 = ∆. By Lemma 6, G is L-colorable. Therefore G is
(∆+ 2)-edge-face colorable. This completes the proof of the theorem. 
3. Case 5 ≤ ∆ ≤ 6
Suppose that G is a graph embedded in a surface of characteristic zero and f ∈ F(G). We define
X f = {uv ∈ E( f )|d(u) = 2},
Y f = {uv ∈ E( f )|d(u) = 3, 3 ≤ d(v) ≤ 4},
Z f = {uv ∈ E( f )|uvu′ ∈ b( f ) such that d(u) = 3, d(v) ≥ 5, d(u′) ≤ 3}.
The weightw( f ) of f is defined byw( f ) = 2d( f )− p2( f )−|X f ∪Y f ∪Z f |. The face f is called light if X f ∪Y f 6= ∅
and w( f ) ≤ 7.
Lemma 12. Let G be a connected graph with 5 ≤ ∆ ≤ 6 and δ ≥ 2 which is embedded in a surface of characteristic
zero. If G is not a 6-regular triangulation, then G contains at least one of the following configurations:
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(A1) a 2-vertex adjacent to two other 2-vertices;
(A2) a light face;
(A3) a 3-vertex incident to a 4−-face;
(A4) a 3-face incident to a 4−-vertex;
(A5) an edge uv incident to two 3-faces with d(u) = 5.
Proof. Suppose that the lemma is false. Let G be a counterexample. Then G is a connected graph embedded in a
surface of characteristic zero with δ ≥ 2 and 5 ≤ ∆ ≤ 6 that contains none of (A1)–(A5). Moreover, G is not a
6-regular triangulation. Euler’s formula |V (G)| − |E(G)| + |F(G)| = 0 can be rewritten to the following form.∑
v∈V (G)
(d(v)− 4)+
∑
f ∈F(G)
(d( f )− 4) = 0. (1)
Let σ denote the initial charge function defined by σ(x) = d(x)− 4 for all x ∈ V (G)∪ F(G). So the total sum of
charges is equal to 0. We define the following discharging rules (R1)–(R4).
(R1) Every 5-face f gives 13 to each incident 3-vertex.
(R2) Let f be a 6+-face and v a vertex incident to f . For each occurrence of v on the boundary of f , we send from
f to v the amount 1 if d(v) = 2, and 13 if d(v) = 3.
(R3) Every 6-vertex v gives 13 to each incident 3-face.
(R4) Let v be a 5-vertex.
If m3(v) ≤ 3, v gives 13 to each incident 3-face;
If m3(v) = 5, v gives 15 to each incident 3-face;
If v is incident to four 3-faces f1, f2, f3, f4 in a cyclic order, then v gives 310 to each of f1 and f4, and
1
5 to each
of f2 and f3.
Let σ ′ denote the new charge function once the discharging procedure is complete according to the rules (R1)–(R4).
On the one hand, it is easy to see that the total sum of new charges σ ′(x) is still 0. On the other hand, we shall show
that σ ′(x) ≥ 0 for all x ∈ V (G) ∪ F(G) and there exists some x∗ ∈ V (G) ∪ F(G) such that σ ′(x∗) > 0. Thus, the
following contradiction completes the proof of the lemma.
0 <
∑
x∈V (G)∪F(G)
σ ′(x) =
∑
x∈V (G)∪F(G)
σ(x) = 0. (2)
Let v ∈ V (G). Then 2 ≤ d(v) ≤ 6 since δ ≥ 2 and ∆ ≤ 6.
Assume that d(v) = 2. Then σ(v) = −2. If v is incident to a 5−-face f , then since p2( f ) ≥ 1 and |X f | ≥ 2
we derive w( f ) ≤ 2d( f ) − p2( f ) − |X f | ≤ 2 · 5 − 1 − 2 = 7. That is, f is a light face of G, contradicting the
assumption. Therefore v is not incident to any 5−-face. By (R2), σ ′(v) ≥ −2+ 1+ 1 = 0.
Assume that d(v) = 3. We see that σ(v) = −1. Since G contains no (A3), v is not incident to any 4−-face. By
(R1) and (R2), σ ′(v) ≥ −1+ 3 · 13 = 0.
If d(v) = 4, it is evident that σ ′(v) = σ(v) = 0.
If d(v) = 5, then σ(v) = 1 and it is easy to verify that σ ′(v) ≥ 0 by (R4).
If d(v) = 6, then σ(v) = 2. Since v is incident to at most six 3-faces, σ ′(v) ≥ 2− 6 · 13 = 0 by (R3).
Let f ∈ F(G). Then d( f ) ≥ 3 since G is a simple graph.
If d( f ) = 4, then it is obvious that σ ′( f ) = σ( f ) = 0.
Assume that d( f ) = 3. Then σ( f ) = −1. Let f be a 3-face with boundary vertices x, y and z such that
d(x) ≤ d(y) ≤ d(z). Since G contains no (A4), d(x) ≥ 5. If d(x) = 6, then σ ′( f ) ≥ −1 + 3 · 13 = 0 by
(R3). So assume that d(x) = 5. If d(y) = 6, then each of the edges xy and xz is incident to at most one 3-face as (A5)
is excluded from G. This means that x is incident to at most three 3-faces and henceforth σ ′( f ) ≥ −1+ 3 · 13 = 0 by
(R3) and (R4). Thus, suppose that d(y) = 5. If d(z) = 6, then both x and y are incident to at most three 3-faces. If
d(z) = 5, then each of x, y, z is incident to at most three 3-faces. We always get that σ ′( f ) ≥ −1+ 3 · 13 = 0 by (R3)
and (R4).
Assume that d( f ) = 5. Then σ( f ) = 1. If p2( f ) > 0, then it is easy to see that |X f | ≥ 2 andw( f ) ≤ 2·5−1−2 =
7, implying that f is a light face, contradicting the assumption on G. Thus, p2( f ) = 0. If p3( f ) ≥ 4, then |Y f | ≥ 3
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and w( f ) ≤ 10− 3 = 7, so that f is a light face, again a contradiction. If p3( f ) ≤ 3, then σ ′( f ) ≥ 1− 3 · 13 = 0 by
(R1).
Now assume that d( f ) ≥ 6. Let s( f ) denote the total sum of charges transferred out of f into its incident 2-vertices
and 3-vertices according to the rule (R2). Instead of showing that σ ′( f ) = σ( f )− s( f ) ≥ 0, it suffices to prove that
s( f ) ≤ σ( f ) = d( f )− 4.
If p2( f ) ≥ d( f ) − 4, namely f is incident to at most four 3+-vertices, then it is easy to see that |E( f ) \ (X f ∪
Y f ∪ Z f )| ≤ 3. Since w( f ) = 2d( f )− p2( f )− |X f ∪ Y f ∪ Z f | ≤ 2d( f )− (d( f )− 4)− (d( f )− 3) = 7, f is a
light face of G, a contradiction. Thus, we must have p2( f ) ≤ d( f )− 5.
If p2( f ) ≤ d( f ) − 6, then s( f ) ≤ p2( f ) + 13 p3( f ) ≤ p2( f ) + 13 (d( f ) − p2( f )) = 13 d( f ) + 23 p2( f ) ≤
1
3 d( f )+ 23 (d( f )− 6) = d( f )− 4 = σ( f ) by (R2).
Assume that p2( f ) = d( f ) − 5. We assert that p3( f ) ≤ 3, so s( f ) ≤ d( f ) − 5 + 3 · 13 = d( f ) − 4 = σ( f ) by
(R2). In fact, if p3( f ) ≥ 4, then f is incident to at most one 4+-vertex. It follows that E( f ) = X f ∪ Y f ∪ Z f and
w( f ) = 2d( f )− p2( f )− |X f ∪ Y f ∪ Z f | ≤ 2d( f )− (d( f )− 5)− d( f ) = 5. Consequently, f is a light face of G,
a contradiction.
Up to now, we have proved that σ ′(x) ≥ 0 for all x ∈ V (G) ∪ F(G). It remains to show that there exists some
vertex or face with positive charge. If ∆ = 5, then since G contains no (A5), every 5-vertex v is incident to at most
two 3-faces and henceforth σ ′(v) ≥ 1 − 2 · 13 = 13 by (R4). Assume that ∆ = 6. We claim that there is a 6-vertex u
incident to at most five 3-faces, so that σ ′(u) ≥ 2 − 5 · 13 = 13 by (R3). Suppose to the contrary that every 6-vertex
of G is incident to exactly six 3-faces. Since G contains no (A5), every 6-vertex must be adjacent to exactly six other
6-vertices. Since G is connected, this happens only when G is a 6-regular triangulation, contradicting the assumption.
The proof of Lemma 12 is complete. 
If f1 and f2 are two distinct faces of an embedded graph G and e ∈ E( f1) ∩ E( f2), we use f1 ∗ f2 to denote the
face enclosed by the boundary walk (E( f1) ∪ E( f2)) \ {e} of the embedded graph G − e.
Lemma 13. Let G be a graph embedded in a surface of characteristic zero with ∆ ≤ 6. Let K = max{7,∆ + 3}.
Then G is K -edge-face colorable.
Proof. We proceed it by induction on the number |V (G)| + |E(G)|. If |V (G)| + |E(G)| ≤ 6, the result holds
obviously. Let G be a graph embedded in a surface of characteristic zero with ∆ ≤ 6 and |V (G)| + |E(G)| ≥ 7. If
∆ ≤ 4, the conclusion follows from Corollary 10. So assume that ∆ ≥ 5. In this case, K = ∆ + 3 ≥ 8. Clearly, we
may suppose that G is connected.
If G contains a 1-vertex u, then G−u is K -edge-face colorable by the induction hypothesis. Note that∆(G−u) ≤
∆. Any K -edge-face coloring of G − u can be extended to a K -edge-face coloring of G. So assume that δ ≥ 2.
If G is a 6-regular triangulation, we first color the edges of G with the colors 1, 2, . . . , 7 by Lemma 7. Then we can
extend the current coloring to the faces of G, as every face is of degree 3 and has at most six forbidden colors. This
gives rise to a 7-edge-face coloring of G. Thus we suppose that G is not a 6-regular triangulation. By Lemma 12, we
need to consider the following five cases.
Case 1. G contains a 2-vertex y adjacent to two 2-vertices x and z.
Since G is connected and ∆ ≥ 5, we see that xz 6∈ E(G). Let f1 and f2 be the faces of G incident to the edge xy.
Note that f1 is identical to f2 when xy is a cut edge. Let G ′ denote the graph obtained by contracting the edge xy of
G. Let f ′1 and f ′2 denote the faces of G ′ incident to the edge yz such that f ′i corresponds to fi for i = 1, 2. By the
induction hypothesis, G ′ admits a K -edge-face coloring φ. In G, we assign the color φ( f ′i ) to the face fi for i = 1, 2.
Then we can properly color xy since it has at most four forbidden colors whereas K ≥ 8.
Case 2. G contains a light face f .
By the definition, w( f ) ≤ 7 and X f ∪ Y f 6= ∅. Take an edge e∗ ∈ X f ∪ Y f and let G ′ = G − e∗. By the induction
hypothesis, G ′ has a K -edge-face coloring φ. Erase the colors of all edges in (X f ∪Y f ∪ Z f )\{e∗}. Let f ′ be the face
of G adjacent to f with e∗ ∈ E( f )∩ E( f ′). To induce a K -edge-face coloring of G, we first color f ′ with φ( f ∗ f ′).
Then we color f , edges in Z f and edges in X f ∪Y f in such an order. Notice that f has at most d( f )− p2( f ) adjacent
faces and at most d( f )−|X f ∪Y f ∪ Z f | incident edges colored. Thus, the number of colors forbidden to f is at most
(d( f )− p2( f ))+ (d( f )− |X f ∪Y f ∪ Z f |) = w( f ) ≤ 7. Every edge xy ∈ Y f has at most (3− 1)+ (4− 1)+ 2 = 7
forbidden colors since d(x)+ d(y) ≤ 7. Every edge xy ∈ X f has at most (∆− 1)+ (2− 1)+ 2 = ∆+ 2 forbidden
colors since d(x)+d(y) ≤ ∆+2. Suppose that xy ∈ Z f , with d(x) = 3 and d(y) ≥ 5. By the definition, there exists
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a 2-vertex or 3-vertex z ∈ b( f ) such that zx ∈ X f ∪Y f . Since zx has not been colored when we consider to color xy,
xy has at most (∆− 1)+ (3− 1− 1)+ 2 = ∆+ 2 forbidden colors. Therefore, the above coloring is available.
Case 3. G contains a 3-vertex v incident to a 4−-face f .
Let x, y, z denote the neighbors of v with vx, vy ∈ E( f ). Let f ′ denote the adjacent face of f with vx ∈
E( f )∩ E( f ′). Set G ′ = G−vx and let φ be a K -edge-face coloring of G ′ by the induction hypothesis. In G, we first
color f ′ with φ( f ∗ f ′). If either d( f ) = 3 or ∆ = 6, we color vx and f , successively. So suppose that d( f ) = 4
and ∆ = 5. Erase the color of the edge vy. Since both vx and vy are yet to be colored, there are at least two colors
available for vz. Once a color of vz, say α, is chosen, each of vx and vy has a set of two colors to choose as does the
face f . If the two-sets of colors available for vx , for vy and for f are identical, we change the choice of color α for
vz; this changes the two-sets available for vx and vy but leaves the choices for f unaffected. In summary, the two-sets
of colors for vx , vy and f are non-identical. In terms of Lemma 4, they can be properly colored with the colors from
corresponding lists.
Case 4. G contains a 3-face f incident to a 4−-vertex v.
If d(v) ≤ 3, the proof can be reduced to Case 2 or Case 3. Thus suppose that d(v) = 4 and f = [vxy]. If
d(x) ≤ ∆ − 1, then each K -edge-face coloring of G − vx can be easily extended to a K -edge-face coloring of G.
So we assume that d(x) = ∆ and similarly d(y) = ∆. For each edge e ∈ E( f ), let fe denote the face of G adjacent
to f such that e ∈ E( f ) ∩ E( fe). Let G ′ = G − vx . By the induction hypothesis, G ′ has a K -edge-face coloring φ
with a color set B = {1, 2, . . . , K }. Restore the graph G and color the face fvx with φ( f ∗ fvx ). In the following, for
a vertex u ∈ V (G ′), we use B(u) to denote the set of colors used by φ to color those edges incident to u in G ′.
If there is α ∈ B \ (B(x) ∪ B(v) ∪ {φ( fvx )}), we color vx with α and then color f . Otherwise, B =
B(x) ∪ B(v) ∪ {φ( fvx )}. Notice that K = |B| = |B(x) ∪ B(v) ∪ {φ( fvx )}| ≤ |B(x)| + |B(v)| + 1 =
d(x) − 1 + d(v) − 1 + 1 = d(x) + 3 = ∆ + 3 = K . It follows that φ( fvx ) 6∈ B(x) ∪ B(v) and B(x) ∩ B(v) = ∅.
Since |B(y)∪ {φ( fvy), φ( fxy)}| ≤ |B(y)| + 2 = d(y)+ 2 = ∆+ 2, there exists β ∈ B \ (B(y)∪ {φ( fvy), φ( fxy)}).
When β ∈ B(x), we color vx with φ(vy) and recolor vy with β. When β ∈ B(v)∪ {φ( fvx )}, we color vx with φ(xy)
and recolor xy with β. Finally, we color the face f . Therefore a K -edge-face coloring of G is always established.
Case 5. G contains two adjacent 3-faces [uvx], [uyv] such that d(u) = 5.
Let G ′ = G−uv and let φ be a K -edge-face coloring of G ′ using the color set B. We first erase the color of the face
[uyvx]. If there is α ∈ B \ (B(u)∪ B(v)), we color uv with α. In particular, this is true when B(u)∩ B(v) 6= ∅, since
|B \(B(u)∪ B(v))| ≥ |B|−|B(u)∪B(v)| = ∆+3−|B(u)|−|B(v)|+|B(u)∩B(v)| ≥ ∆+3−4−(∆−1)+1 = 1.
Moreover, when d(v) ≤ 4, we also have B \ (B(u) ∪ B(v)) 6= ∅.
So assume that B(u) ∩ B(v) = ∅, implying d(v) ≥ 5. For an edge e in the boundary of [uyvx], we use fe to
represent the adjacent face of [uyvx] which shares e with [uyvx]. If there is α ∈ B(u) \ (B(x) ∪ {φ( fxv)}), we color
uv with φ(xv) and recolor xv with α. Suppose that such α does not exist, i.e., B(u) ⊆ B(x) ∪ {φ( fxv)}.
Let us delete the color φ(ux) from ux and use it to color uv. If either φ( fux ) 6∈ B(v) or φ( fux ) ∈ B(v) and
d(x) = 5, there is β ∈ B(v) \ (B(x) ∪ {φ( fux )}) so that ux can be colored with β. Otherwise, φ( fux ) ∈ B(v) and
d(x) = 6, we have at least 9 colors available and 8 colors forbidden for ux , hence ux can be colored properly. 
Combining Corollary 10 and Lemma 13, we obtain the following.
Theorem 14. If G is a graph embedded in a surface of characteristic zero with ∆ ≥ 4, then χe f (G) ≤ ∆+ 3.
4. (∆+ 1)-edge-face colorability
Borodin [2] proved that every plane graph G with∆ ≥ 10 is (∆+ 1)-edge-face colorable. In this section, we shall
extend this result to a graph embedded in the surface of characteristic zero when its maximum degree is at least 13.
Let G be a graph embedded in the surface of characteristic zero. For an edge xy ∈ E(G), let l(xy) denote
the number of incident 6−-faces of xy and let w∗(xy) = d(x) + d(y) − l(xy). We say that xy is reducible if
l(xy) > 0 and w∗(xy) ≤ 12. For a face f ∈ F(G), let E∗( f ) = {xy ∈ E( f )|d(x) + d(y) ≤ 12} and
w∗( f ) = 2d( f )− p2( f )− |E∗( f )|. The face f is said to be reducible if |E∗( f )| > 0 and w∗( f ) ≤ 12.
Lemma 15. Let G be a connected graph with ∆ ≥ 12 and δ ≥ 2 which is embedded in a surface of characteristic
zero. Then G contains at least one of the following configurations:
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(C1) a 2-vertex adjacent to two other 2-vertices;
(C2) a reducible edge;
(C3) a reducible face;
(C4) a 2-vertex incident to a 3-face;
(C5) a 3-vertex incident to three 3-faces;
(C6) a 4-face [xuyv] with d(x) = d(y) = 2.
Proof. Suppose that the lemma is false and let G be a counterexample. Thus G is a connected graph embedded in a
surface of characteristic zero with ∆ ≥ 12 and δ ≥ 2 such that G contains none of (C1)–(C6). We again make use of
the discharging method to arrive at a contradiction.
Another equivalent form of Euler’s formula |V (G)| − |E(G)| + |F(G)| = 0 is as follows.∑
v∈V (G)
(2d(v)− 6)+
∑
f ∈F(G)
(d( f )− 6) = 0. (3)
We define the initial charge function σ by σ(x) = 2d(x) − 6 if x ∈ V (G) and σ(x) = d(x) − 6 if x ∈ F(G). In
what follows, a 3-face f of G is called bad if it is incident to a vertex of degree at most 3. The discharging rules are
designed as follows.
(R1) Every vertex v with 4 ≤ d(v) ≤ 10 sends σ(v)/d(v) to each incident face.
(R2) Every 11-vertex v sends 1 to each adjacent 2-vertex, 13 to each incident 5-face, 1 to each incident 4-face,
3
2 to
each incident bad 3-face and 54 to each other incident 3-face.
(R3) Let v be a 12+-vertex. Suppose that f is a face incident to v with vv1, vv2 ∈ E( f ), i.e., v1, v2 are two
neighbors of v in the boundary of f . Let ρ(v, f ) denote the number of 2-vertices in the set {v1, v2}. For
i = 1, 2, we do the following in their order:
(R3.1) If vi is a 2-vertex, then v sends 12 to vi through the face f ;
(R3.2) v sends 12 (3− ρ(v, f )) to f .
(R4) Let f be a 7+-face and u a 2-vertex incident to f . For each occurrence of u in the boundary of f , we transfer
from f to u the amount of 1 if u is not adjacent to any 11+-vertex, and 12 if u is adjacent to exactly one
11+-vertex.
Suppose that v is a 12+-vertex with neighbors v1, v2, . . . , vd(v) in a cyclic order. Let fi denote the face of G whose
boundary contains the edges vvi , vvi+1 for i = 1, 2, . . . , d(v), where indices are taken modulo d(v). Note that some
fi ’s may be identical when G contains cut edges. We have the following claims.
Claim 1. If vi is a 2-vertex, then v gives 1 to vi .
Proof. If fi−1 6= fi , then v gives 12 to vi through each of fi−1 and fi by (R3.1). If fi−1 = fi , v gives 12 to vi twice
through fi by (R3.1). Thus, the total amount that v gives vi is 12 + 12 = 1. This proves Claim 1. 
Claim 2. For each 1 ≤ i ≤ d(v), v gives fi precisely 32 if d( fi ) = 3, at least 1 if d( fi ) = 4, and at least 12 if
d( fi ) ≥ 5.
Proof. If d( fi ) = 3, then d(vi ) ≥ 3 and d(vi+1) ≥ 3 since G contains no (C4). Thus ρ(v, fi ) = 0 and v gives fi
exactly 32 by (R3.2).
If d( fi ) = 4, then at most one of vi and vi+1 is a 2-vertex since G contains no (C6). Thus, ρ(v, fi ) ≤ 1 and v
gives fi the amount 12 (3− ρ(v, fi )) ≥ 12 (3− 1) = 1.
If d( fi ) ≥ 5, then ρ(v, fi ) ≤ 2 and v gives fi the amount 12 (3 − ρ(v, fi )) ≥ 12 (3 − 2) = 12 . This completes the
proof of Claim 2. 
Let σ ′ denote the new charge function after the discharging is finished according to the rules (R1)–(R4). Let us
prove that σ ′(x) ≥ 0 for all x ∈ V (G) ∪ F(G) and there is at least one x∗ ∈ V (G) ∪ F(G) such that σ ′(x∗) > 0. So
it follows that
0 =
∑
x∈V (G)∪F(G)
σ(x) =
∑
x∈V (G)∪F(G)
σ ′(x) > 0,
which is a contradiction.
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Let v ∈ V (G). Since δ ≥ 2, d(v) ≥ 2. The proof is divided into the following cases, depending on the value of
d(v).
1. Assume that d(v) = 2. Then σ(v) = −2. Let x and y be the neighbors of v with d(x) ≤ d(y). If d(x) ≥ 11,
then σ ′(v) ≥ −2+ 1+ 1 = 0 by (R2) or Claim 1. So suppose that d(x) ≤ 10. Let f be any face incident to v. If
d( f ) ≤ 6, then since vx ∈ E∗( f ) and w∗( f ) ≤ 2d( f )− p2( f )− |E∗( f )| ≤ 2 · 6− 1− 1 = 10, f is a reducible
face, contradicting the assumption on G. Thus, d( f ) ≥ 7. When d(y) ≥ 11, v gets 1 from y by (R2) or Claim 1
and gets 12 + 12 from its incident faces by (R4), therefore σ ′(v) ≥ −2 + 1 + 2 · 12 = 0. When d(y) ≤ 10, v gets
1+ 1 from its incident faces by (R4) and hence σ ′(v) ≥ −2+ 1+ 1 = 0.
2. If d(v) = 3, then it is clear that σ ′(v) = σ(v) = 0.
3. If 4 ≤ d(v) ≤ 10, then σ(v) = 2d(v)− 6 ≥ 2. Trivially, σ ′(v) = 0 by (R1).
4. Assume that d(v) = 11. Then σ(v) = 16. Notice that if v is adjacent to a 2-vertex v′, then v′ is not incident to any
6−-face, for otherwise the edge vv′ would be a reducible edge of G by w∗(vv′) ≤ d(v′)+d(v)−1 = 2+11−1 =
12.
• If n2(v) ≥ 10, then it is easy to observe that v is not incident to any 6−-face so that σ ′(v) ≥ 16 − 11 = 5 by
(R2).
• Suppose that 1 ≤ n2(v) ≤ 9. Then v is incident to at least n2(v)+17+-faces. It follows that d(v)−∑5i=3 mi (v) ≥
d(v)−∑6i=3 mi (v) ≥ n2(v)+ 1. So, n2(v) ≤ d(v)− 1−∑5i=3 mi (v) = 10−∑5i=3 mi (v). Therefore, by (R2),
σ ′(v) ≥ 16− n2(v)− 32 m3(v)−m4(v)− 13 m5(v) ≥ 16− (10−
∑5
i=3 mi (v))− 32 m3(v)−m4(v)− 13 m5(v) =
6− 12 m3(v)+ 23 m5(v) ≥ 6− 12 m3(v) ≥ 6− 12 · 11 = 12 .• Suppose that n2(v) = 0, i.e., v is not adjacent to any 2-vertex. We have to discuss three subcases below:
(a) If m3(v) ≤ 9, then σ ′(v) ≥ 16− 9 · 32 − 2 = 12 by (R2).
(b) Assume that m3(v) = 10. There is only one incident face f ∗ of v such that d( f ∗) ≥ 4. If d( f ∗) ≥ 5, then
σ ′(v) ≥ 16− 10 · 32 − 13 = 23 by (R2). Thus suppose that d( f ∗) = 4. If v is adjacent to a 3-vertex v′, then it
is easy to verify that the edge vv′ would be a reducible edge, producing a contradiction. Thus, v is adjacent
to no 3-vertex and further is incident to no bad 3-face. Consequently, σ ′(v) ≥ 16− 10 · 54 − 1 = 52 .
(c) Assume that m3(v) = 11. Namely, v is only incident to 3-faces. Similarly, we can show that v is not adjacent
to any 3-vertex and is not incident to any bad 3-face. Hence σ ′(v) ≥ 16− 11 · 54 = 94 .
In summary, we obtain that σ ′(v) > 0 when d(v) = 11.
5. Assume that d(v) ≥ 12. For any incident face f of v, by (R3), the total sum of charges that v sends to f and to 2-
vertices in b( f ) which are adjacent to v is precisely 32 . Therefore, σ
′(v) ≥ 2d(v)−6− 32 d(v) = 12 (d(v)−12) ≥ 0
and σ ′(v) = 0 if and only if d(v) = 12.
Let f ∈ F(G). For a vertex v ∈ b( f ), let τ(v → f ) denote the amount of charge that v sends to f according to
Claim 2, (R1) and (R2).
1. Assume that d( f ) = 3. Then σ( f ) = −3. Let f be a 3-face with boundary vertices x, y and z such that
d(x) ≤ d(y) ≤ d(z). Since G contains no (C4), d(x) ≥ 3.
• If d(x) = 3, then f is a bad 3-face. Since xy and xz are not reducible edges, d(y) ≥ 11 and d(z) ≥ 11. By (R2)
and Claim 2, σ ′( f ) ≥ −3+ 32 + 32 = 0.• If d(x) = 4, then d(y) ≥ 10 and d(z) ≥ 10 as (C2) is excluded from G. By (R1), (R2) and Claim 2,
τ(x → f ) = 12 , τ(y → f ) ≥ min{ 32 , 54 , 2·10−610 } = 54 , and similarly τ(z → f ) ≥ 54 . It turns out that
σ ′( f ) ≥ −3+ 12 + 2 · 54 = 0.
• If d(x) = 5, then d(y), d(z) ≥ 9 since G contains no reducible edge. We obtain that τ(x → f ) = 45 ,
τ(y → f ) ≥ min{ 32 , 54 , 75 , 43 } = 54 , τ(z→ f ) ≥ 54 , and consequently σ ′( f ) ≥ −3+ 45 + 2 · 54 = 310 .• If d(x) ≥ 6, then each of x, y, z gives at least 1 to f and henceforth σ ′( f ) ≥ −3+ 1+ 1+ 1 = 0.
2. Assume that d( f ) = 4. If each of the vertices incident to f is of degree at least 4, then σ ′( f ) ≥ −2 + 4 · 12 = 0
by Claim 2, (R1) and (R2). If f is incident to a 3−-vertex u, then two neighbors of u in the boundary of f are of
degree at least 11 since otherwise f is a reducible face. Thus, σ ′( f ) ≥ −2+ 1+ 1 = 0 by (R2) and Claim 2.
3. Assume that d( f ) = 5. Since f is not a reducible face, f is incident to at least three 6+-vertices. It implies that
σ ′( f ) ≥ −1+ 3 · 13 = 0.
4. If d( f ) = 6, then it is evident that σ ′( f ) ≥ σ( f ) = d( f )− 6 ≥ 0.
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5. Assume that d( f ) ≥ 7. If p2( f ) ≥ d( f ) − 2, then b( f ) always contains three consecutively adjacent 2-vertices,
contradicting the fact that G contains no (C1). Thus p2( f ) ≤ d( f )− 3. Let T ( f ) denote the total sum of weights
that all 4+-vertices in b( f ) send to f according to (R1), (R2) and Claim 2. Note that T ( f ) ≥ 0, and moreover
T ( f ) > 0 if b( f ) contains at least one 4+-vertex.
• If p2( f ) ≤ d( f ) − 6, then σ ′( f ) ≥ σ( f ) + T ( f ) − p2( f ) ≥ T ( f ) + (d( f ) − 6) − (d( f ) − 6) = T ( f ) ≥ 0
by (R4).
• Assume that p2( f ) = d( f ) − 5. We claim that f is incident to at least two 2-vertices each of which is
adjacent to at least one 11+-vertex, thus σ ′( f ) ≥ T ( f ) + (d( f ) − 6) − (d( f ) − 7) − 2 · 12 = T ( f ) ≥ 0
by (R4). In fact, if this is not true, then f is incident to at least d( f ) − 6 2-vertices each of which has two
neighbors of degree at most 10 in the boundary of f . It is easy to see that |E∗( f )| ≥ d( f )− 7 and furthermore
w∗( f ) ≤ 2d( f )− p2( f )−|E∗( f )| ≤ 2d( f )− (d( f )− 5)− (d( f )− 7) = 12. This shows that f is a reducible
face of G, contradicting the assumption.
• Assume that p2( f ) = d( f ) − 4. If f is incident to at least four 2-vertices each of which is adjacent to at least
one 11+-vertex, then σ ′( f ) ≥ T ( f ) + d( f ) − 6 − (d( f ) − 8) − 4 · 12 = T ( f ) ≥ 0. Otherwise, we similarly
derive that |E∗( f )| ≥ p2( f )−3−1 = d( f )−8 and w∗( f ) ≤ 2d( f )− (d( f )−4)− (d( f )−8) = 12, implying
that f is a reducible face.
• Assume that p2( f ) = d( f ) − 3. If d( f ) ≥ 10, then there exist three consecutively adjacent 2-vertices in the
boundary of f , thus (C1) is established, a contradiction. Thus d( f ) ≤ 9. If every 2-vertex in b( f ) is adjacent
to two vertices of degree at least 11, then σ ′( f ) ≥ T ( f ) ≥ 0 obviously. Otherwise, there exist two adjacent
vertices u, v ∈ b( f ) such that d(v) = 2 and d(u) ≤ 10 and w∗( f ) ≤ 2d( f ) − (d( f ) − 3) = d( f ) + 3 ≤ 12,
implying that f is a reducible face, a contradiction.
Up to now, we have shown that σ ′(x) ≥ 0 for all x ∈ V (G) ∪ F(G). It remains to prove that there is some
x∗ ∈ V (G)∪ F(G) such that σ ′(x∗) > 0. This holds evidently if G contains a 11-vertex or a vertex of degree at least
13 by the previous proof. So suppose that ∆ = 12 and G contains no 11-vertex. Let v be a 12-vertex with neighbors
x1, x2, . . . , x12 in a cyclic order.
If v is incident to a 7+-face f , then σ ′( f ) ≥ T ( f ) ≥ 12 by the previous proof and Claim 2. Thus, assume that all
the faces incident to v are of degree at most 6.
If some xi for 1 ≤ i ≤ 12 is a 2-vertex, then it is easy to derive that vxi is a reducible edge, which is a contradiction.
So suppose that d(xi ) ≥ 3 for all i = 1, 2, . . . , 12.
Assume that v is incident to a face f with 4 ≤ d( f ) ≤ 6. Since ρ(v, f ) = 0, v gives f 32 by (R3). When d( f ) ≥ 5,
we have σ ′( f ) ≥ σ( f ) + T ( f ) ≥ d(v) − 6 + 32 ≥ 12 . So let d( f ) = 4. As G contains no reducible edge, there is a
vertex v′ ∈ b( f ), different from v, such that d(v′) ≥ 5. Therefore, σ ′( f ) ≥ −2+ 32 + 45 > 0 by (R1) and Claim 2.
Now assume that all the faces incident to v are 3-faces. Without loss of generality, we furthermore suppose that
d(x2) = min1≤i≤12{d(xi )}. Thus d(x2) ≥ 3. We have some subcases as follows:
If d(x2) = 3, then [vx1x2] and [vx2x3] are 3-faces. Note that d(x1) 6= 11 by the above argument. If d(x1) ≤ 10,
thenw∗(x1x2) ≤ d(x1)+d(x2)−1 ≤ 10+3−1 = 12, hence x1x2 is a reducible edge, a contradiction. So, d(x1) = 12
and similarly d(x3) = 12. Let f ′ denote the incident face of x2 distinct from [vx1x2] and [vx2x3]. Since G contains
no (C5), d( f ′) ≥ 4. Repeating the previous proof for the vertex x1 or x3, we can derive that σ ′( f ′) > 0.
If d(x2) = 4, then it follows immediately that d(x1) ≥ 9 and therefore σ ′([vx1x2]) ≥ −3+ 32 + 12 + 43 = 13 .
If d(x2) ≥ 5, then d(x1) ≥ 5 and σ ′([vx1x2]) ≥ −3+ 32 + 45 + 45 = 110 . This proves Lemma 15. 
Suppose that G1 and G2 are two connected graphs embedded in a surface of characteristic zero such that
V (G1) ∩ V (G2) = {v} and |V (Gi )| ≥ 2 for i = 1, 2. We say that v is a special vertex of the union graph G1 ∪ G2 if
min{dG1(v), dG2(v)} ≤ 2. Note that v is a cut vertex of G.
Lemma 16. Suppose that G is a connected graph embedded in a surface of characteristic zero with a special vertex
v such that G = G1 ∪ G2, V (G1) ∩ V (G2) = {v}, and |V (Gi )| ≥ 2 for i = 1, 2. Let k ≥ ∆(G)+ 1. If both G1 and
G2 are k-edge-face colorable, so is G.
Proof. For i = 1, 2, since G is connected, so is Gi . Since |V (Gi )| ≥ 2, we have dGi (v) ≥ 1. Without loss of
generality, suppose that dG1(v) ≤ 2. The embedding of G in the surface naturally induces an embedding of Gi in the
surface. There is the unique face f ∗ of G with v ∈ b( f ∗) such that E( f ∗) ∩ E(Gi ) 6= ∅ for i = 1, 2.
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First, we give a k-edge-face coloring φ2 of the graph G2. Based on φ2, we construct a k-edge-face coloring φ1 of
G1 such that φ1( f ∗) = φ2( f ∗), and φ1(e) 6= φ2(e′) for any edge e ∈ E(G1) incident to v and any edge e′ ∈ E(G2)
incident to v. Since k ≥ ∆(G)+ 1 ≥ dG(v)+ 1 = dG1(v)+ dG2(v)+ 1 and dG1(v) ≤ 2, such a coloring φ1 exists.
Uniting φ1 and φ2, we therefore establish a k-edge-face coloring of G. The proof of Lemma 16 is complete. 
It is easily seen that if a connected graph G embedded in a surface of characteristic zero with at least three vertices
contains a cut edge e, then at least one of the ends of e is a special vertex of G. This implies that G is 2-edge-connected
provided G contains no special vertices.
Theorem 17. Let G be a graph embedded in a surface of characteristic zero. Let K = max{14,∆ + 1}. Then G is
K -edge-face colorable.
Proof. The proof proceeds by induction on the number |V (G)| + |E(G)|. The result holds clearly if |V (G)| +
|E(G)| ≤ 6. Let G be a graph embedded in a surface of characteristic zero with |V (G)| + |E(G)| ≥ 7. If ∆ ≤ 12,
then K = 14. It follows from Corollary 10 and Theorem 11 that G is 14-edge-face colorable. Assume that ∆ ≥ 13.
Then K = ∆+ 1 ≥ 14.
If δ ≤ 1, then any K -edge-face coloring of G − u can be extended into a K -edge-face coloring of G, where
u is a vertex of minimum degree of G. Thus suppose that δ ≥ 2. By Lemma 16, G can be assumed to have no
special vertices. Especially, G is 2-edge-connected and every edge is incident to two different faces. By Lemma 15,
G contains one of the configurations (C1)–(C6). Thus, the proof is divided into the following six cases:
Case 1. G contains a 2-vertex adjacent to two other 2-vertices.
The proof is analogous to that of Case 1 in Lemma 13.
Case 2. G contains a reducible edge e.
Let f1 and f2 denote the faces incident to e. Then w∗(e) ≤ 12 and min{d( f1), d( f2)} ≤ 6. Without loss of
generality, suppose that d( f1) ≤ 6. By the induction hypothesis, G − e admits a K -edge-face coloring φ. In G, we
assign φ( f1 ∗ f2) to f2. Afterwards we can color e and f1 in this order. Since there are at most 12 forbidden colors
for each of e and f , the coloring is feasible.
Case 3. G contains a reducible face f .
By definition, w∗( f ) ≤ 12 and there is an edge xy ∈ E( f ) such that d(x) + d(y) ≤ 12. Let f ′ denote the face
incident to xy and f ′ 6= f . By the induction hypothesis, G − xy has a K -edge-face coloring φ. Based on φ, we first
color f ′ with φ( f ∗ f ′). Then, we color f and xy in this order.
Case 4. G contains a 3-face [xyz] such that d(y) = 2.
Let f1 and f2 denote the adjacent faces of [xyz] such that xy, yz ∈ E( f1) and xz ∈ E( f2). Since both x and
z are not special vertices, f1 6= f2. By the induction hypothesis, G − y admits a K -edge-face coloring φ with the
color set B. It is straightforward to see that φ( f1 ∗ [xyz]) 6= φ( f2). We again use B(v) to denote the subset of colors
used by φ to color those edges in G − y incident to the given vertex v. First let f1 be colored with φ( f1 ∗ [xyz]).
If φ( f1 ∗ [xyz]) 6∈ B(x) ∪ B(z), we recolor xz with φ( f1 ∗ [xyz]), and then color yz, xy, and [xyz] successively.
Otherwise, without loss of generality, we assume that φ( f1 ∗ [xyz]) ∈ B(x). In this case, we first color yz, then color
xy and [xyz] in this order. Since |B(x)| ≤ ∆− 1 and |B(z)| ≤ ∆− 1, yz and xy have at most ∆ = K − 1 forbidden
colors when they will be colored. Thus the colorings are feasible in the two cases.
Case 5. G contains a 3-vertex u incident to three 3-faces [uxy], [uyz] and [uzx].
Let G ′ = G − u. Then [xyz] is a 3-face of G ′. For each edge e ∈ E([xyz]), let fe denote the adjacent face of
[xyz] in G ′ sharing the common edge e with [xyz]. By the induction hypothesis, G ′ has a K -edge-face coloring
φ with the color set B. We erase the color of [xyz]. Define the list assignment L(uu′) = B \ B(u′) for every
u′ ∈ {x, y, z}. It follows easily that |L(uu′)| ≥ |B| − |B(u′)| ≥ K − (d(u′) − 1) ≥ ∆ + 1 − (∆ − 1) = 2.
If either max{|L(ux)|, |L(uy)|, |L(uz)|} ≥ 3 or two of L(ux), L(uy), L(uz) are not identical, then ux, uy and uz
can be properly colored with the colors from their corresponding lists by Lemma 4. Otherwise, we suppose that
L(ux) = L(uy) = L(uz) = {a, b}. This implies that a, b 6∈ B(x) ∪ B(z). Assume that a 6= φ( fxz), else we have
b 6= φ( fxz). We color (or recolor) ux with φ(xz), uz with b, and uy and xz with a. Finally, we properly color 3-faces
[uxy], [uyz] and [uzx].
Case 6. G contains a 4-face [xuyv] with d(x) = d(y) = 2.
Let f1 and f2 be the adjacent faces of [xuyv] with ux, vx ∈ E( f1) and uy, vy ∈ E( f2). Since u and v are not
special vertices, f1 is not identical to f2. By the induction hypothesis, G − x has a K -edge-face coloring φ with the
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color set B. We erase the colors of edges uy and vy and color f1 with φ( f1 ∗ [xuyv]). Define the list assignments as
follows:
L(ux) = B \ ((B(u) \ {φ(uy)}) ∪ {φ( f1)}),
L(uy) = B \ ((B(u) \ {φ(uy)}) ∪ {φ( f2)}),
L(vx) = B \ ((B(v) \ {φ(vy)}) ∪ {φ( f1)}),
L(vy) = B \ ((B(v) \ {φ(vy)}) ∪ {φ( f2)}).
Note that |L(ux)| ≥ |B| − (|B(u)| − 1) − 1 ≥ ∆ + 1 − (∆ − 2) − 1 = 2. Similarly, |L(uy)| ≥ 2, |L(vx)| ≥ 2
and |L(vy)| ≥ 2. Since xuyvx is a 4-cycle, the edges ux, uy, vx and vy can be properly colored with the colors from
their lists. Finally, we may color properly [xuyv]. The proof of the theorem is complete. 
The following is a direct result of Theorem 17.
Corollary 18. If G is a graph embedded in a surface of characteristic zero with ∆ ≥ 13, then χe f (G) ≤ ∆+ 1.
As remarked in [10], the upper bound∆+1 in Corollary 18 is best possible, since all trees T have χe f (T ) = ∆+1.
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